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XIV. 

ON SOME SIMPLE CASES OF ELECTRIC FLOW 
IN FLAT CIRCULAR PLATES. 

By B. O. Peirce. 

Presented May 13, 1891. 

1. It is well known * that, if in a thin conducting plate of indefinite 
extent there are two sources and a sink, each of strength numerically 
equal to m, situated respectively at points A, B, 0, which lie in order 
upon a straight line, one of the lines of flow consists in part of a cir- 
cumference of radius V C 'A ■ CB drawn around G as a centre; so 
that the flow inside the circumference would he unchanged if the part 
of the plate outside it were cut away. In other words, if a circum- 
ference be drawn in a thin conducting plane plate of indefinite extent, 
the " image " in this circumference of a source, of strength m, situated 
at a point P in the plane, is made up of a sink, of strength m, at the 
centre of the circle, and a source of the same strength at Q, the inverse 
point of P with respect to the circumference. 

If a sink be regarded as a negative source, it follows from this that 
if inside a circumference drawn in a thin plane conducting plate of 
indefinite extent there are sources at the points A lt A 2 , A s , .... A k , 

of strengths algebraically equal to m 1 , m 2 , w 3 , m k , respectively, 

and sources of strengths algebraically equal to — m x , — m 2 , — m s , 
.... — m k , at the corresponding inverse points, then, if m^ + m 2 
+ rrii + .... + m k = 0, there is no flow of electricity across the 
circumference. 

2. If, at a fixed point P in a thin plane plate there is a sink of 
strength numerically equal to m, and at another point P' in the plate 
an equal source, and if P 1 be made to approach P as a limit and the 
product m ■ P P 1 be kept always equal to a given constant, //., we have 



* Kirchhoff, Pogg. Ann. 1845, p. 497 ; "W. R. Smith, Proc. Ed. Roy. Soc, 
1869-70; Foster and Lodge, Phil. Mag., 1875; Minchin's " Uniplanar Kinemat- 
ics," p. 213; etc., etc. 
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as a limit a "doublet"* of strength /*, the axis of which is PX, the 
limiting position of the straight line drawn from P to P'. We shall 
find it convenient to represent sources and sinks respectively by black 
and unshaded circles, and doublets by circles half black and half un- 
shaded. The black portion of a doublet circle indicates the directions 




in which there is a flow away from the point where the doublet is 
situated ; the unshaded portion indicates the directions from which 
there is a How towards this point. The axis of a doublet bisects both 
the black and unshaded portions of the doublet circle. (See Fig. 1.) 
If P be used as origin and PX as axis of abscissas, the velocity poten- 
tial function due to the doublet is <j> = ~ — - and the flow func- 



If x + yi = z, these are respectively the real 

-/* 

z 



ay 
tion is 4, = ^-q^ 

part and the real factor of the imaginary part of the function 




Fig. 2. 



The equipotential lines and the lines of flow are circles (see Fig. 2) 
touching the axes of y and x respectively at the origin. 

In uniplanar motion, the velocity at a point M due to a doublet of 

strength u. at a point P is numerically equal to ^ „ , and is directed 

PM 2 



* Basset, Treatise on Hydrodynamics, Art. 47 ; Mascart and Joubert, Trea- 
tise on Electricity and Magnetism, Art. 151 ; Neumann, Untersuchungen tiber 
das Logarithmische und Newton'sche Potential Chap. IV. ; etc., etc. 
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along a straight line MN such that PM bisects the angle between 
MN and the axis of the doublet. In all that follows, the motion will 
be assumed to be uniplanar. 

3. If, in the subjoined figure, OL ■ ON = OL' ■ ON' = 0~J?, and 
if there are sources, of strength m, at L' and N', and equal sinks at 




Fig. 3. 

L and N, there will be no flow across the circumference drawn around 
with OA as radius. The value at P, the co-ordinates of which are 
x and y, of the flow function due to these sources and sinks is, if 
OL = a, LL' = 8, OA = r, 



\ji p = m\ tan 



V 



x — (a+S) 
By 



•tan' 



-i y 



+ tan - 



•tan 



-i y 



: "T aU 1 (x-af-h(x-a)tf 



•tan - 



a + S 
r*8y 



x—~ 
a 



(ax—r s y+&x(ax—r*)+a(a-\-8)y ! . 



I 



If now 8 be made to approach zero as a limit, and m to increase in 
such a way that m ■ 8 is always equal to a constant, /x, the circumfer- 
ence just mentioned continues to be a stream line and the flow function 
due to the combination of a doublet of strength /jl at L with axis 
coincident with the radius drawn through L, and the image of this 
doublet in the circumference is 



Limit xj/p = ft. 
8=0 



y 



(x-ay + tf 



\ a , 



+ tf 



(1) 



It is evident from this result (see section 2) that the image of a 
doublet of strength /* so situated at a point L — which is at a distance a 
from the centre of a circumference drawn with radius rona thin plane 
indefinitely extended plate — that its axis coincides with the radius 
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r 2 
drawn through L, is a doublet of strength * fx, — and axis making an 

angle of 180° with that of the first, at the inverse point of L with 
respect to the circumference. 

It is to be noticed that the flow function given by (1) is the real 
factor of the imaginary part of the function 

( 1 r 2 

w = -M z — -~ z:t • 



2 — — 



4. By differentiating (1) partially with respect to y and — x, 
respectively, we get the velocity components at the point (x, y) cor- 
responding to the case which we have been considering. They are 



u = D,4, = pl< x - a r-?-' i 



(?-^~ 



[{x-ay+ff a 2 [(*-ff)V 



(2) 



,, , „ , x — a r 2 (ax — r 2 ) , 



[(x-ay + ff *[(x-?f + f\' 



If we make a approach zero in order to obtain the flow in a thin 
circular plate due to a doublet at the centre, if/ as given by (1) grows 
larger without limit, but w and v approach the definite limits 

Uo = ll {w^ff-^}' (4) 

„ _ Ifixy . ... 

and these expressions solve the problem. 

This case may be treated in another way, however. In Figure 4 let 
OL =OL> = 8 and OM ■ OL = OL 1 . OM' = OA 1 - r 2 ; then, if 
there are sources of strength m at L and M and equal sinks at L 1 and 
M', one of the lines of flow due to this combination will consist in part 
of the circumference of radius r drawn about as centre. 

* This does not agree with the statement made in the first edition of 
Basset's Treatise on Hydrodynamics, p. 66, where there seems to be a typo- 
graphical error. 
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Fig. 4. 
The value at the point (x, y) of the flow function is 



tjz = m\ tan -1 ^ + 



\ 



-8 



tan - 1 — i — — tan -1 — U. — — tan -1 — — 
r> x + B 



x + — 
8 



-wW* 28y I tan"' 2 ^^ \ 



If, now, S be made to approach zero as a limit, and m to increase in 
such a way that 2 m 8 is equal to the constant p, 

H.y ( x 2 + y 2 - r' N . 

* 2 + J 2 r 



^ = Limit tj/= —ftL(- 
8 = r * V 



(6) 



an expression which is equal to zero at every point of the circumfer- 
ence, x 2 + y 2 = r 2 . 

The velocity components u , v , obtained by differentiating (6), are 
identical with those given by equations (4) and (5). 




Fig. 5. 

5. In Figure 5 let OA = OA' = a, OB = OB) = b, and OA OB 
= OA' ■ OB' — OG 2 = r 2 , and let there be at A and B sources of 
strength m, and at A' and B' sinks of equal strength m ; then one 
of the lines of flow due to this combination of sources and sinks in an 
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indefinitely extended plate will consist in part of the circumference of 
which 00 is a radius. This shall be called the circumference O. 

The value, at P, the co-ordinates of which are x and y, of the flow 
function is 

\b P = — m<teax~ 1 ^ + tan -1 ^ — —tan -1 — i_— tan -1 — $— I 

( x — a cos x—buost) x — a x—b\ 

= - m jtan - 1 ( x — a Hy~ a sln 6)-y(x-a cos 0) 
\ (x — a)(x — a cos 0) + y (y — a sin 0) 

+ tarr i (* ~ &) (ff ~ ^ sin fl) - y (a: - 5 cos fl) ) 
(x — b) {x — b cos 6) + y (y — b sin 6))' 

If now we let 6 approach zero as a limit and m increase in such a 
way that the product of m and the straight line AA1 shall always be 
equal to the constant /*, we have 



a x 

x — a r a 



^Limit » = + ^^__ + _,. + ^ , (7) 



the real part of the function 



+ M- J : + 



z — a a r* 

a 



At every point of O, iff has the value — ^1 . 

a 

The velocity components at P corresponding to i[r are 

r --l-„f (^-") 2 -.V 2 | ** V~ r a) ~ f v (9) 



[(-m 



If a is made to approach zero as a limit, these expressions approach 
respectively the limits 

Uo= wf?r (10) 

*" B *(&T7r +1 ?)' (11) 
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which agree with the expressions (4) and (5) obtained by using 
different co-ordinate axes. 

We infer from (7) that the image of a doublet of strength ju. so 
situated at a point A — which is at a distauce a from the centre of a 
circumference drawn with radius r on a thin plane indefinitely ex- 
tended plate — that its axis is perpendicular to the radius vector 

r 2 
drawn through A, is a doublet, of strength /a — and axis parallel to 

a' 1 

that of the first doublet, at the inverse point of A with respect to the 
circumference. 

If we make a equal to r, (7), (8), and (9) give us the flow function 
and the velocity components inside a circular plate when there is a 
doublet at some point of the circumference with its axis coincident with 
the tangent to the plate at the given point. The forms of these expres- 
sions might have been inferred from the results given in section 2. 

6. It is to be noticed that if in Figure 6 O'B' and OB are parallel 
lines, and 00', AA', and BB' perpendicular to them, and if there are 

f-0' <$-k- B^Q 

OO #-A B-* 

Fig. 6. 

sources of strength m at 0', A, and B, and sinks of equal strength m 
at 0, A', and B', a circumference drawn around as centre with 
radius \/OA . OB will form part of a line of flow due to the combina- 
tion of the sink at and the sources at A and B, but not one of the 
lines of flow due to the combination of three doublets obtained by 
making O'B' approach OB and increasing m at the same time so that 
m . 00' shall always be equal to the constant /*. 

7. In Figure 7 let OA . OB = OA< . OB' = C 2 = r 2 , and OA = a, 
and let the curve AA' make with OM the angle 8. If, then, there are 
sources of strength m at A' and B', and sinks of strength m at A and B, 
one of the lines of flow will consist in part of the circumference ( C) 
drawn with radius r about as centre. If ip p is the value at P of the 
flow function due to this combination, the limit approached by if/ p as 
A' is made to approach A along the curve A'A, and B' to approach 
B along the corresponding reciprocal curve B' B, will be the value at 
P of the flow function due to a doublet at A, the axis of which makes 
the angle S with the radius drawn through A of the circumference C, 
and to the image of the doublet in C. 
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ih p =m tan -1 Jl = —tan -1 — z— + tan -1 -M. __ —tan -1 — ^ — £ 

( a-a-^A' *-« x-OB—BL x-OB> 

y.AK-Kl(x-a) 



— m 1 tan x 

<- (x - a) 



+ tan -1 - 



+ y 2 — y. KA> — AK(x — a) 
y.BL-LB' (x- OB) 



(x-OB) 2 + y*-y.LB' 



-BL(x- OB) \ 



If A' be made to approach A as a limit, we have 



Limit 



BB> _ r 2 

ii~"bi 2 



Limit 



KA[ 
H 



sin 8 = Limit 



AK 

Limit = cos 8 = Limit 

AA> 



LB' , 
BB'' 

LB , 



and, if m be made to change so that m . AA' shall always be equal to 

r 2 
the constant ft, Limit (m . BB') will be equal to the constant, — . /*. 



J 



tan 



_, y.AK-KA'(x- 



Limit ^ P = i/r = M| Limit <( ( x _a)2 + ^_ y t XA'— AK(x-a) 



■*) ■) 

K(x-a) > 



AA' = 



\AA'=0 



n-l 



AA' 
y.BL-LB' (x- OB) 



if i tan 

+ -2 I^ 11 ' «( (x-OB) 2 +y 2 -y . LB'-BL(x-OB) 



BB' = 

VOL. XXVI. (N. S. XVIII.) 
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AK KA< , . 

xj, = fi . Limit J ' JJi AA> 



A A 1 = 



(x — a)* + f — y. KA< — AK(x — a) 



, BL LB' 

+^jAmitl y-m~m {x -° B) 

a BB = Q 



(x-OBy 2 + f-y.LB'-BL(x-0£) 

{ . , n • s 2 #.cosS + (*---) sinS) 

_ J y . cos 8 — (x — a) sin 8 _ r' \ a J { ,. ., , 

It follows from (1 2) that the image of a doublet of strength jx. so situ- 
ated at a point A — which is at a distance a from the centre, 0, of a 
circumference drawn with radius r on a thin, plane, indefinitely ex- 
tended plate — that its ayis makes the angle 8 with the radius drawn 

through A, is a doublet of strength *-— - and axis making an angle of 

180° — 8 with the line OA, at the inverse point of A with respect to 
the circumference. 

8. It was long ago noticed * that the functions 



, 112 6 

log z, -. --5, - 3 , --■ 
z z* zr zr 



each of which is the derivative with respect to z of the one which 
precedes it, yield a series of pairs of conjugate functions which repre- 
sent in order the velocity potential functions and the flow functions 
due to a source at the origin, to a doublet at the origin, to a quadru- 
plet f at the origin, to an octuplet at the origin, and so on. 

I will use the word motor to denote in general a source, a sink, 
a doublet, a quadruplet, or any other combination of sources or sinks 
at a single point. The strengths of two motors of the same kind 
shall be in the ratio of p to q if, when they are similarly placed at 
the same point successively, they give rise to velocity potential func- 
tions and flow functions which have values in the ratio of p to q at 

* See, for instance, Klein's Lectures on the Potential, or his paper, " Ueber 
Riemann's Theorie der Algebraischen Functionen und ihrer Integrale." 

t A quadruplet is formed of two equal and opposite doublets in the same 
manner that a doublet is formed out of a source and an equal sink. An octu- 
plet is formed in a similar way of two equal and opposite quadruplets, and so on. 
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every point. The unit motor of any kind and the direction of its 
axis, if it has any, may be chosen at pleasure. 

Let there be in a plane any distribution, A, of n motors, either all of 
the same kind or of different kinds, of strengths respectively equal to 
m u m 2 , m s , m n . 

Let there be also a system, B, of n motors, each respectively equal 
but opposite to a corresponding motor of A, and so situated in the 
plane that every motor of A could be superposed upon its equivalent 
in B by moving A parallel to itself through a distance 8 in a direc- 
tion making an angle a with the axis of x. 

Let u — f(x, y) and v = x (*> ,V) be the values at the point (x, y) 
of the velocity components due to the system A, and let <f> (a-, y) and 
i/f (x, y) be the corresponding values of the velocity potential function 
and the flow function. 

It is evident that the velocity components due to B have values at 
(x, y) equal but opposite to those at the point (x — 8 cos a, y — 8 sin a) 
of the corresponding velocity components due to A. We may, there- 
fore, take for the values at any point (x, y) of the velocity potential 
and flow functions due to A and B existing together, the expressions 

<f> (x, y) — <f> (x — 8 cos a, y — 8 sin a) ; (13) 

xp (x, y) — \j/ {x — 8 cos a, y — 8 sin a). (14) 

If now B be made to approach A, by decreasing 8 and keeping a 
constant, and if the strength of each of A's motors be made to grow so 
as to keep the product of itself and 8 constant, the expressions just 
given approach as limits the velocity potential function and the flow 
function which A would yield if every one of its motors were doubled 
up with an equal but opposite motor approaching it from a direction 
which makes an angle a with the axis of x. 

If mi 8 = pi, m 2 8 = /jl 2 , m s 8 = jx s , etc., where the /x's are con- 
stant, the limits of the expressions (13) and (14) are the values 
obtained by changing every m into its corresponding //. in 

Limit ( *-* + *** ) and Limit (± + ±±±) ; 
8=0 V s I 8=0^ 8 I 

that is, in cos a . D x <£ + sin a . D y <j>, (15) 

and cos a . D^ ij/ + sin a . D y \j/. (1 6) 

If w =/(«) = <f> (x, y) + i . ip (x, y), the function of z which corre- 
sponds to the new velocity potential function and flow function may 
be found by changing every m into its corresponding /u. in 

— (cos a + i . sin a) . D z w. (17) 
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9. The equation — = c represents a family of closed curves 

each of which is made up of 2 n equal mutually distinct loops sym- 
metrically situated about the origin ; each curve passes n times through 
the origin and each loop is tangent there to two straight lines which 

include an angle of - . The equation = c represents the same 

n r n 

family of curves turned around the origin through an angle 

The motor which gives rise to the flow function ; may be 

denoted by the symbol shown in the upper part of Figure 8, in which 

the black portions show the directions in which fluid flows out from 

the point at which the motor is situated, and the open portions the 

directions from which fluid flows towards this point. The motor 

... , „ . . A. sin n 6 , 

which corresponds to the now function — may be represented 

similarly by a circle drawn about the origin, and properly divided 
into n shaded and n unshaded sectors. 

Let the motor A, which corresponds to the flow function ib A = sl n , 

r n 

be doubled up with an equal opposite motor which approaches it from 
a direction making an angle a with the axis of x. The flow function 
if/ B) due to the resulting motor B, is given, apart from a constant factor, 
by the equation 

\f/g = D x xj/ A . cos a + D y \j/ A . sin a 

= D r <l> A . cos {6 — a) - ^-^ . sin ($ - a) 

_ w.s in [(n+\)0 — a] 

- - ~^n • (18) 

Referred to a new initial line drawn in a direction making an angle 



a 



with the old, this is 



?i + l 

n . sin (n + 1 ) 6 

and it is evident that the orientation of i?'s axis, but not 2?'s charac- 
ter, depends upon a. 

For instance, the flow function due to a unit doublet at the origin 
with axis coincident with the axis of x is 



OP ARTS AND SCIENCES. 229 

If this motor be doubled up with its negative approaching from the 
positive part of the axis of x, the resultant quadruplet (see Fig. 8) 
corresponds to the flow function 

__ — 2 xy 

93 (x 2 + y 2 f 

e e 

Fig. 8. Fig. 9. 

If, on the other hand, it be doubled up with an equal opposite 
doublet (see Fig. 9) approaching it from the positive part of the axis 
of y, the resultant quadruplet corresponds to the flow function 



(x* + y 2 ) 2 



One of these quadruplets is evidently equivalent to the other turned 
through an angle of 45°. 

10. Besides the simple quadruplets obtained by combining two 
equal and opposite doublets just as a doublet is formed from a source 
and a sink, other combinations of two doublets sometimes appear 
when one attempts to find the image of a simple motor in the cir 
cumference of a circle in its plane. 

In one common case, a fixed doublet D x of strength ft is ap- 
proached by another doublet Z> 2 , the axis of which remains always 
parallel but opposite in direction to that of D v The path of Z> 2 is a, 
straight line, but its strength is equal to /j.f(§), where 8 is the dis- 
tance between the two doublets at any time, and f (8) is a finite, 
continuous, and single-valued function such that /(0) = 1. The 
product of fi and 8 is kept always equal to a constant, A.. 

The flow function due to a doublet of strength yu. at the origin 

with axis coincident with the axis of x is — ¥JL — , and the flow 

x 2 + y 2 
function due to a reversed doublet of strength p.f (8) at the point 
(x — 8 . cos a, y — 8 . sin a) 

. - m. • (y — 3 sin a) ./ (8) 



(x — u . cos a) 2 + (y — 8 . sin a) 2 
The flow function due to the two doublets existing together is 

M V _ (y - 8 ■ sin a)/(8) } 

8\x* + y 2 (x - 8 . cos a) 2 + (y - 8 . sin a) 2 k ' 
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and the limit of this as 8 approaches zero is 

A \ (x 2 - f) s in a - 2 xy co s a — y (x 2 + y 2 )f (0)} . , 9m 

W+f? ' ( } 

and this is equivalent to a simple quadruplet superposed upon a 
doublet of strength — X ./' (0) at the origin. 

In general, let fi . >j/ (x, y) be the flow function due to a fixed 
motor of strength /x, and of any kind ; and let this motor be approached 
(keeping ft. 8 constantly equal to A) by an opposite motor of strength 
P ■ /(&) from a direction making an angle a with the axis of x. The 
value at the point (x, y) of the flow function due to this second motor 
i« the same as the value at the point (x — 8 . cos a, y — 8 . sin a) of 
the flow function due to the first motor, so that the flow function due 
to the two motors existing together is 

g IV (*> y) — f(&) ■ f ( x — S cos a > y — 8 sin *)]> 

and the limit approached by this as 8 approaches zero is 

X[D X $. cos a + D s $ . sin a - if, (x, y) ./ (0)]. (21) 

1 1 . Let there be two equal opposite motors of the same kind at 
the points A and B in a plane equally distant from an origin, 0, and 
let the axis of the motor at A make with the straight line OA the 
same angle that the axis of the motor at B would make with OB 
if its flow function were the negative of what it really is. If now 
OB be rotated about O so as to approach OA as a limit, and if the 
product of the strength of one of the motors by its distance from the 
other be kept equal to a constant, A, we get as a limit a kind of motor 
which sometimes appears in practical problems. 

Let p . H(r, 0) and /x . ® (r, 0) be the values at the point P, the 
co-ordinates of which are r and 6, of the velocity components due to 
the motor at A, taken respectively parallel and perpendicular to the 
radius yector, OP. If the angle A OB (see Fig. 10) be a, the values 
of the velocity components at P due to the motor at B are equal but 
opposite in sign to values at the point P', the co-ordinates of which 
are r and 6 — a, of the velocity components due to the motor at A. 
Hence the motors at A and B together cause at P the velocity 
components 

P . © (r, 6) — p . ® (r, 6 — a). 
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The limits of these expressions as a is made to approach zero, while 

ix. a. OA — A, are 

X.D. R , A . D„ © 

— — g — and e — ; 



OA 



OA 



so that the flow function due to the newly found motor is obtained by 
changing ji to A. in the product of the reciprocal of OA ami the 
derivative with respect to 6 of the flow function due to the original 
motor at A alone ; that is, in 



OA 



(22) 



where 



R 



Doty 



and p® = — D r ij/. 



A single doublet on the axis of x, at a distance a from the origin, 
with its axis perpendicular to the axis of x, yields, when combined 
with another similar motor in the way described in this section, the 
flow function 



,/,= 



a [(x - af + y*f 



(23) 



This is equal to zero on the axis of x and on the circumference of 
the circle drawn with the origin as centre so as to pass through the 
motor. It gives, therefore, a case of flow in a semicircular disk. 

The flow fuuction just found is the real factor of the imaginary 
part of the function 

\z A ( 1 , a ) 

"" " - "~ -l + 7 r* f • 

a ( . z — a (z — a) ) 



(24) 



a (z — a) 2 

The motor which corresponds to this flow function may be looked 
upon, therefore, as formed by superposing a doublet upon a quad- 
ruplet. 

The image of such a motor (AT) as this in a circumference drawn 
in its own plane with as centre is a motor of the same kind as M, 
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r 2 

but of strength — times as great as M's strength, situated at the 
a 2 

inverse point with respect to the circumference of the point where 
M lies. 

The flow function in this case is easily found, by a method analogous 
to that used in Section 5, to be 

Xyj x 2 + f-a 2 r 2 ** + f _ ~ a 2 \ 
a X [(x - a 2 ) + ff a 2 I" f _ r 2 y + f j * j 

The combination in the same manner of two pairs of motors of the 
kind just mentioned yields still another case of flow inside a circular 
disk due to a certain motor at a point Q, the co-ordinates of which are 
a and 0, and another motor at the inverse point of Q with reference 
to the circumference. The flow function in this case is 

« 2 [(*-£)+»*] ( v aj v a ni 

and this process might be carried on indefinitely. 

12. The image of a simple quadruplet in the circumference of a 
circle drawn in its own plane is not another simple quadruplet, but 
a more complex motor. 

On a straight line which passes through the centre of a circum- 
ference of radius r drawn in a plane, and which is taken for axis of x, 
let there be two equal and opposite doublets of strength /* with axis 
coincident with the line, at points distant respectively a and a + Aa 
from the centre of the circumference. Let there be also on this line 
the two images of these doublets with respect to the circumference. 

The value at the point (x, y) of the flow function due to these 
four doublets is 



j 1 _ 1 

liy \{x-af+y' i (x-a-Aaf+y* 

r 2 r 2 \ 
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and if Aa be made to approach zero, and /x to increase so that p . Aa 
always has the constant value A, this function approaches as its limit 



J 2 (a - x) r 2 2 r 8 x - 1 a (x 2 + f) ' . 

y \ [(i - a y + ff + a* r / _ L y * >• - < 2 ' ' 



jr 



If the axis of a simple quadruplet be a diameter drawn through the 
centre of the shaded portions of the symbol which represents the 
motor, the expression just found gives, with proper algebraic sign, 
the flow function due to a simple quadruplet in a circular disk with 
axis parallel or perpendicular to the radius drawn through the point 
at which the motor is situated. 

The flow function, which vanishes at every point on the circum- 
ference, is the real factor of the imaginary part of the function 



\(z-aY a*' 



r 2 r 2 — 2 a z 

2 



(z-af a* ( z _r*\ 



a* I _ r 



2r 2 1 



= -\-l(z- a y a*' ( _r 2 \ 2 a 8 _r*V. (28) 



/ r 2 \ 2 a 8 



z — — 



The image of the simple quadruplet in question is made up, therefore, 
of a simple quadruplet and a doublet existing together at the inverse 
point, with respect to the circumference, of the point where the 
original quadruplet is situated. 

13. If the axes of the doublets mentioned in the last section had 
been perpendicular to the axis of x instead of coincident with it, the 
flow function due to the four doublets would have been 

x — a x — a — Aa 



(x-af + f (x-a-Aaf + y 2 



x — - 



H a _ 7 _ a + Aa 

+ a* ' 7 ry . I (« + Aa) 2 ' 



\ a J \ a + Aa/ y 

The limit of this, as Aa aproaches zero and p. Aa is kept equal to 
the constant X, is 



234 PROCEEDINGS OP THE AMERICAN ACADEMY 

-l \ S y 2 — ( x — a Y _ r * 1 

9 , (*-^ f^ + ^-^1 
+ ** . V " M „,„ ^i V- (29) 



K-av 



This has the value — — at all points of the circumference, and gives 

us the flow function inside a circular disk in which there is a simple 
quadruplet with axis making an angle of 45° with the radius drawn 
through it. 

It is to be noticed that (29) is the real part of the function 



I (2 - a) 2 a* ' 7 rV IF ~? I, 



(30) 



which appears in equation (28). 

14. The flow function due to a simple quadruplet at the centre of 
a circular disk of radius r may be found by putting a equal to zero 
in (27). It is 



♦=-»«»!(^i-jf 



1 2 2 

and the corresponding w is — + _ . 



In general, consider the function 



= }_ + z n _ r*" + p 2 " (cos 2n6 + i.sin2n6) 
z n r 2» j- 2 " . p" (cos w + i . sin ra 6 1 ) 

_ r 2 " . cos n 9 + p 2n (cos 2 n . cos n 6 + sin 2 n . sin w 



i {p 2n (sin 2 n $ . cos nS — cos 2 w 6 . sin n 6) — r Sn sin n 6} 

___ 



_2» I _2n ,• /J« r Sn\ 

r + p cosn6+ (p , L-isinnfl. (31) 



r 2 " . p" r fc "p' 
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The function 



_ (p 2 " — r 2 ") sinnd 



(32) 



is constant along the circumference drawn about the origin with 
radius r, and is evidently the flow function due to a simple 
2" + 1 -plet at the centre of a circular disk. 

15. The rational algebraic function * ~; , where the numerator 

and denominator are algebraic polynomials involving only integral 

powers of 2, can be put by simple division into the form of a rational 

f(z) 
algebraic polynomial in z plus the proper fraction, J v ' , where the 

j. \* ■ f 

numerator is of degree at least one lower than the denominator. 
This proper fraction can be represented in the usual way as the sum 
of a series of fractions the numerators of which are in general com- 
plex constants and the denominators of the form [z — (a + b i)]". 

The real part of • * ^ ' is therefore the velocity potential function 

of a collection of motors such that each has for its own velocity po- 
tential function the real part of a function of the form 

o + /8 i n (cos 8 + i sin 8) ,go\ 



(z — (a + b «'))" ' (2 — (a + b i))" 

€ ® 

# > < O $"Q 



Fig. 11. 

Let us take as the axis of a simple multiplet a line which, drawn as 
a diameter through the symbol which represents the motor, bisects 
the black portion nearest the axis of x. If this line goes through 
two black portions, the sense in which the direction of the axis is 
taken is of no consequence. If it goes through one black sector and 
one unshaded sector of the symbol, the direction shall be from the 
unshaded part to the black part. The simple motor, for instance, 
which has for its flow function the real factor of the imaginary part of 

— - , has its axis coincident with the axis of x. 

z K 
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The values at the point (a:, y) of the velocity components due to 
any motor at the point (a, b) must be equal respectively to the two 
velocity components at the point (x — a, y — b) due to the same 
motor at the origin with axis parallel to its old direction. 

If (f> (x, y), \p (x, y) ,are the velocity potential and flow functions 
due to the motor at the origin, <h (x — a, y — b), </. (x — a, y — b), 
yield velocity components for the case of the same motor at (a, b) 
which satisfy the condition stated above. 

If f(z) = <t> (x, y) + i<p (x, y), however, 

f (z — a — bi) = <j>(x — a, y — b) + i . i/» (x — a, y—b), 

and, as a particular case, - — — and — correspond to two 

[z— (a + b t)] K z* r 

equal and similarly placed motors, one at the point (a, b), the other 
at the origin. 

Let us now compare the motors the flow functions of which are 
the real factors of the imaginary parts of 

i and «-±H 
z K z K 

respectively ; that is, of 

ces k 6 , 11 cis 8 . ces k 
P K P x 

where z = p (cos 6 + i . sin $), a + ft i = p (cos 8 + i . sin 8), and 
where (cos 8 + i sin 8) and (cos 6 — i , sin 8) are written cis 8 and 
ces 6 respectively. 

The two flow functions are 



sin k V j 
and — 



■(•-3 



and the values at the point (r, 0) of the velocity components respect- 
ively parallel and perpendicular to the radius vector drawn from the 
origin are 

k . cos k , k . sin k 9 
and 



pK + 1 p K + 1 



in the case of the first motor, and 
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fi k , cos k I — - I p k . em k (0 — A 
^TI and y+i 

in the case of the second motor. The second motor gives at every 
point velocity components which the first motor gives at a point 
equally distant from the origin, but differing in vectorial angle from 

the first point by - . The second motor is then equivalent to the first 

K 3 

turned through the angle - . 

If, then, the simple motor which corresponds to the function — were 

transferred parallel to itself to the point (a, h) and then rotated 

counter-clockwise through the angle -, it would correspond to the 

function r ; — , .... . It is to be noticed that a rotation of 

the motor corresponding to — through the angle — would by 

reason of symmetry give the same motor, and multiplying — by * 

would turn the symbol representing the motor through half the angle 
which corresponds to a black sector.* The rational algebraic proper 

f («) 
fraction "—, —. ■ corresponds then, in general, to a distribution of vari- 

ously oriented simple multiplets, and the function A z + %_ '. , which 

frequently appears in two dimensional problems in magnetism, to 

a distribution of such multiplets in a uniform field, t 

X u cis k a 
16. The real parts of the functions , — •, are the ve- 

locity potential functions which correspond to two simple multiplets 
of the Kth order, L and M, of strengths respectively equal to X and /x. 
Both L and M are situated at the origin. Z's axis coincides with the 
axis of x, but APs axis makes with the axis of x the angle a. 
If we superpose L upon M, we get 

_ — (X + ix. . cos k a + i . it . sin k a) 



CIS T 



(34) 



* This explains the identity of equations (28) and (30). 
t See, for instance. Maxwell's Treatise on Electricity and Magnetism, Vol. II. 
Figs. XV. and XVI. 
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where 

a- 2 — A 2 + i? + 2 A 11 cos k a, (35) 

- — i f M sin K <* ? , « 

t = sin N — r V . (36) 

*■ V A 2 + fi 2 + 2 A /i cos k a > 

This is a motor of the same kind as L and M. Its strength is <r, and 
its axis makes with the axis of x the angle - . In the case of doublets, 

K 

that is, when k — 1, this result may be put into a simple form. If 
two doublets L and M exist together at a point 0, and if the direc- 
tions of the two straight lines OA, OB, show the directions of the 
axes of L and M respectively, and the lengths of OA and OB the 
strengths of L and M on some convenient scale, then the direction of 
the axis of the result of L and M will be given by the directions and 
the strengths of the resultant by the length of the diagonal of the 
parallelogram of which OA and OB are adjacent sides. Doublets 
then can be compounded and resolved by compounding and resolving 
their axes like forces or velocities. 

17. Let there be any motor M at a distance a from the centre of 
a circumference of radius r drawn in a plane, and let the radius 
drawn through M be taken as axis of x. Let n . x (x, y, a) be the 
flow function due to M, and its image in the circumference, existing 
together. If another motor B, of the same kind and strength as A 
but of opposite sign, exist at a point on the axis of x at a distance 
a + Aa from the centre, the flow function due to B and its image 
together is 

- >>■ • x ( r > y> a + A «)• 

The flow function due to A, B, and their two images existing 
together is, therefore, — p . A a x (%, y, «)• 

If now Aa be made to approach zero and ^t to increase so that 
li . Aa is equal to the constant X, we get as the flow functions due to 
the resulting new motor at A and its image in the circumference 

4> = -\. D aX (x,y,a). (37) 

F (z, a), of which ip is the real factor of the imaginary part, is con- 
nected with f(z, a), of which \ ' s the real factor of the imaginary part 
by the equation 

F (z, a) - - \ . DJ (z, a). (38) 
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If, for instance, we apply (38) to 

- 1 r 2 

w = =f p-{ z — a <■<■* 



; + 



z — _ 
a 



which yields (5), we get 

1 



±M (*-")* " 4 (*-t\*h 



(-3' 



which, after reduction, gives (30). 

By means of (38) and other similar equations, a great number o£ 
cases of flow inside circular disks may be found. 

Jefferson Physical Laboratokv, 

Cambridge, Mass., August 18, 1891. 



